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We present a hydrodynamic model for a thin spherical shell of active nematic liquid crystal with
an arbitrary configuration of defects. The active flows generated by defects in the director lead
to the formation of stable vortices, analogous to those seen in confined systems in flat geometries,
which generate an effective dynamics for four +1/2 defects that reproduces the tetrahedral to planar
oscillations observed in experiments. As the activity is increased and the vortices become stronger,
the defects are drawn more tightly into pairs, rotating about antipodal points. We extend this
situation to also describe the dynamics of other configurations of defects. For example, two +1
defects are found to attract or repel according to the local geometric character of the director
field around them and the extensile or contractile nature of the material, while additional pairs of
opposite charge defects can give rise to flow states containing more than two vortices. Finally, we
describe the generic relationship between defects in the orientation and singular points of the flow,
and suggest implications for the three-dimensional nature of the flow and deformation in the shape
of the shell.
I. INTRODUCTION
Active liquid crystals [1–3] (ALCs) have proved suc-
cessful as a paradigm for living systems on the microscale,
providing insight into processes like cell motility[4–6] and
division[7–9], development of cell shapes [10, 11], and
growth of cell colonies [12]. Certain fundamental motifs
have been developed such as the instability of uniformly
aligned states, the emergence of spontaneous flows, the
creation and self-propulsion of topological defects and the
shear-thinning character of extensile gels. When ALCs
are confined to a circular geometry a prominent feature is
the emergence of stable flow vortices. Confinement gives
rise to a single vortex state in dense bacterial suspensions
[13, 14], active nematic suspensions [15, 16] and monolay-
ers of migrating cells [17, 18]. Circulatory flows are also
characteristic of cytoplasmic streaming [6, 16, 19, 20].
When the system size is increased such vortices become
unstable [21] and turbulent flows develop, a prevalent
feature in bulk active fluids [22–24]. In active systems
with high frictional dissipation stable vortices can also
arise in the absence of spatial confinement [25–27]. Re-
cent experiments by Keber et al. [28] are realisations of
a different type of confined geometry, in which the ALC
adheres to the surface of a vesicle. Four half-integer de-
fects form in the orientation of the microtubule-based
extensile active nematic and are found to be in steady
motion, oscillating between tetrahedral and planar con-
figurations. A variety of other states is observed, like
defect-associated membrane protrusions, two vortex de-
fects in smaller spherical vesicles and two aster defects
in spindle-like vesicles with stiffer microtubules. Here,
we develop an active hydrodynamic model for an ALC
confined to a spherical shell and show that the dynamics
of this system is also characterised by the formation of
vortices, which reproduces the defect motion from exper-
iments.
Defects in the director are unavoidable on the
sphere [29]. In a typical situation there are four, all of
strength +1/2, which are known to self-propel in active
liquid crystals [30]. This motivates a minimal descrip-
tion of their motion as a point particle dynamics, and
such a model was shown to reproduce the main exper-
imental observations [28]. We extend this to a hydro-
dynamic model, in the confined geometry of a spherical
shell, and show that the dynamics is characterised by the
formation of two stable counterrotating vortices, one in
each hemisphere, paralleling the vortex formation seen in
other types of confinement [13, 16, 31]. A minimal hydro-
dynamic model takes the positions of defects to construct
a profile for the director over the entire sphere, whose
associated active flows advect the defects to yield a self-
consistent dynamics. Tetrahedral to planar oscillations of
four +1/2 defects are also obtained with this model. As
the activity is increased the two vortices become more
pronounced and the pair of +1/2 defects within each
are pulled closer together in an effective attraction of
like-charge defects. These oscillations appear at a finite
threshold of the activity, below which the defects form
static configurations of distorted tetrahedra. Linear sta-
bility analysis captures the mode of deformation and the
threshold for defect motion.
Just as there are defects in the director field there are
also vortices and stagnation points in the flow field [29].
There is a one-way relationship that assigns to a defect
in the orientation a flow singularity whose winding num-
ber depends only on the defect’s topological strength.
The oscillations of four half-defects are found to be sta-
ble against additional half-defect pairs created randomly
in larger shells. If the defects are instead induced at spe-
cific positions, it is possible to generate more complex,
metastable flow vortex configurations. The dynamics of
polar configurations with only integer strength defects is
similar and we find attraction of pairs of aster-like +1
defects in extensile active nematic shells, but repulsion
for vortex-like defects. The speed of defects in the polar
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2case is shown to have different scaling than for nematic
shells, in particular the type of motion does not depend
on the radius in the former case whereas it does in the
latter.
II. MODEL
We consider an active nematic in a thin spherical shell
of thickness h0 and inner radius R, with h0/R 1. The
three-dimensional flow u = (ur,u⊥) in the shell is driven
by gradients in the active stresses and can be found as the
solution of the generalised Stokes and continuity equa-
tions, −∇p + µ∆u + ∇ · σ = 0 and ∇ · u = 0, where
p is the pressure and µ the viscosity. The active stress
σa = −σ0
(
PP − 13 I
)
is extensile throughout this paper,
σ0 > 0, in order to relate with microtubule-based active
nematics [22, 28], although we comment on the contrac-
tile case at the end. If the polarisation P is specified one
can solve for the active flow generated by it in a thin film
approach [32–36], decribed in Appendix V A. We take
the polarisation to be tangential throughout the shell
thickness, P = cos(ψ)eˆθ + sin(ψ)eˆφ, and construct an
explicit form from the positions of the defects. This can
be done using stereographic projection from the complex
plane, z(θ, φ) = R cot(θ/2)eiφ. In the plane a nematic
director n = (cosα, sinα) with ndef defects with topo-
logical strengths mj and positions zj = xj + iyj is given
by α = α0 +
∑
j Im (ln(z − zj)mj ) [37], where the phase
α0 ∈ [0, pi) parameterises whether the local geometry of
the director around a defect is more splay-like or more
bend-like. Finally, stereographic projection of n onto the
sphere yields a polarisation field in the spherical shell via
ψ(θ, φ) = φ− α(θ, φ). (1)
Parametrised in this way, P is an exact minimiser of the
elastic energy of a nematic on a sphere in the one-elastic-
constant approximation [38]. Moreover, it consists only
of those defects from which α is constructed explicitly,
provided
∑
jmj = 2.
In dimensionless variables the tangential component of
the flow then has the form
u˜⊥ = σ˜0f(r˜)
(
− sin(2ψ)∂θψ + cos(2ψ)sin θ (cos θ + ∂φψ)
cos(2ψ)∂θψ +
sin(2ψ)
sin θ (cos θ + ∂φψ)
)
,
(2)
with the radial profile f(r˜) = r˜
2
2 − r˜, where r˜ ∈ [0, 1] is
the radial position within the shell in units of h0. This
solution corresponds to a no-slip inner surface and a van-
ishing tangential stress on the outer surface. Figure 1
gives an example of the director for four +1/2 defects in
a planar configuration and the corresponding active flow
given by Eq. (2), which is seen to consist of two counter-
rotating vortices. This emergence of stable vortices is the
germane feature of the active flows on spherical shells.
The director dynamics is dominated by the motion of
defects, when the orientational dynamics is rapid. In
0
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FIG. 1. (a) Orientation field P with four +1/2 defects in a
paired planar configuration. (b) Resulting tangential flow u⊥
from Eq. (2), showing the typical two-vortex structure. The
flow magnitude is colour-coded and cut off in the vicinity of
the defects. Displayed is the outer surface of the shell, r˜ = 1.
our approach the director is instantaneously given by the
parameterisation above as the defect positions change.
The defects are advected by the flow they create and we
describe their motion in a point-particle description [30,
39]. Each defect moves due to the tangential component
of the active flows, given by Eq. (2), and due to standard
nematic elasticity. The overdamped dynamical system
for the defect positions rk(t) is
drk(t)
dt
= udefk (t) +
1
ξ
Fk(t) , k = 1, .., ndef . (3)
The resultant dynamics is similar to [28] except that here
we obtain the advective flow udefk from a self-consistent
hydrodynamics in the spherical shell and generalise to an
arbitrary collection of defects. The flow is divergent at
the defect locations, therefore we introduce a cut-off and
obtain the defect velocity as an average of the flow over
a small circle γk(s) centered at the defect
udefk (t) =
1
2pi
∮
γk
u⊥(t)ds. (4)
For the defect motion the flow is evaluated at the outer
surface, where f(r˜ = 1) = −1/2. The circle γk(s) =
(θk + ρ cos(s), φk + ρ sin(s)/ sin(θk)), s ∈ [0, 2pi], has the
opening angle ρ, which can be associated with the core
size rc of the defect through the relation
rc = ρR . (5)
The core size could be measured for a particular exper-
imental system, for instance as the size of the region
around a defect which is devoid of active nematogens.
The elastic force Fk(t) provides attraction or repulsion
of defects depending on their topological strength, with
an effective friction coefficient ξ and elastic constant K
[28, 40] (see Appendix V B). With the time scale of elastic
relaxation τ = ξR2/K we define t˜ = t/τ and equation (3)
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FIG. 2. The dynamics of four +1/2 defects is chacterised by the formation of counterrotating flow vortices and defect pairs.
(a)-(c): Tetrahedral-planar oscillations in intermediate activity regime (ν = 0.8); Director (a) and flow (b) in tetrahedral
configuration at time marked with arrow in (c). The flow vortex inbetween the paired defects in (b) has a sink-like component,
which provides an effective attraction of defects and keeps them in pairs. (c) Pairwise and mean angular distances between
defects; tetrahedral and planar configurations correspond to 109.5◦ and 120◦, respectively. (d)-(f): At higher activity (ν = 8.0)
the two vortices become more pronounced and the defect pairs are tighter (see yellow line); Director (d) and flow (e) in planar
configuration at time marked with arrow in (f); The tetrahedron is no longer approached as seen from pairwise distances in
(f). In (c) and (f) (i, j) denotes the distance between defects marked as (i) and (j) in Figure 3.
takes the form
∂θk
∂t˜
= τRu
def
k,θ +
τ
ξRFk,θ, (6)
∂φk
∂t˜
= 1sin θk
(
τ
Ru
def
k,φ +
τ
ξRFk,φ
)
. (7)
This choice of time scale sets the scale of the elastic terms
to K˜ = τK/ξR2 = 1. This identifies the scaling of
τ
∣∣udef ∣∣/R as the defining parameter for the defect dy-
namics, which represents the ratio of active to elastic ef-
fects and differs depending on the topological strength of
the defect. Equations (6) and (7) are integrated numeri-
cally for different defect configurations using a standard
Runge-Kutta method.
III. RESULTS
A. Active flow at the defects
In addition to the singularities in the director, the vor-
tices in Fig. 1 (b) contain singularities in the flow field,
about which the flow circulates. Such flow singularities
are topologically required [29] and can be generated at
the locations of defects in the director. A general re-
lationship between defects and flow singularities follows
from evaluating (2) on the small circle γk(s) and expand-
ing in powers of ρ, the angular distance to the k-th defect
(see Appendix V A). We make use of the stereographic
projection to write
u˜(ρ) = u˜θ + iu˜φ
=
mk
ρ
ei(2mk−1)sei2(1−mk)φke−i2w(zk) +O(1) , (8)
where w(zk) = α0+mkpi+
∑
j 6=kmjIm (ln(zk − zj)). The
dominant contribution to the flow u˜⊥ near the k-th defect
diverges as ∼ 1/ρ and has the winding number
I = 2mk − 1 . (9)
Unit strength defects produce a vortex-like (I = 1) singu-
larity in the flow, whose character is sink- or source-like
according to whether the defect resembles an aster or a
vortex, respectively. When there are two such defects, at
antipodal positions, they generate two counterrotating
vortices with no other flow singularities. On the other
hand, simple stagnation points (I = −1) cannot be cre-
ated at defect locations. For half-integer defects relation
(9) was shown in [30, 39] and the flow around a single
spiral defect in active polar gels was studied in [41].
4In a typical situation the flow singularities at defects
are not sufficient to generate a total winding of +2. This
is most evident for four half-defects, as seen in Fig. 1 (b)
where flow vortices form inbetween the defects, because
for mk = 1/2 the flow is non-winding (I = 0). Instead,
it is directed along the defect’s symmetry axis
u˜+1/2 =
1
2ρ
ei(φk−2w(zk)) . (10)
For these defects, we approximate the advective flow udef
in (4) by this well-defined flow direction and the magni-
tude
|udef | ∼ U0
ρ
=
h20σ0
rcµ
=: v0 , (11)
where U0 = h
2
0σ0/Rµ is the typical active flow magnitude
in the thin film approach (see equation (21) in Appendix
V A) and we replaced ρ = rc/R. The speed of +1/2 de-
fects does not depend on the shell radius R, because they
generate their own advection locally, where the defining
length scales are the core size rc and the shell thickness
h0. In equations (6) and (7) the scaling of the dimen-
sionless advective term for a +1/2 defect is
τ
R
|udef | ∼ ξh
2
0Rσ0
Kµrc
=: ν. (12)
The next term in the expansion (8), which is O(1),
is non-winding only for mk = 1 (see equation (26) in
Appendix V A). Therefore, unit strength defects are ad-
vected with a flow ∼ U0, and the relevant parameter
becomes
τ
R
|udef | ∼ ξh
2
0σ0
Kµ
=: ν(1) . (13)
This predicts a different scaling of the defect dynamics
in thin polar shells compared to nematic shells. In the
former only integer strength defects are present and, no-
tably, the type of motion does not depend on the radius.
For all other defect types active advection scales at
most as ∼ U0rc/R, which makes it negligible compared
to the active motion of +1/2 defects. In particular, −1/2
defects can be approximated with udef = 0 in a collection
of ±1/2 defects.
B. Four +1/2 defects
In the minimal case of four +1/2 defects, the dynamics
is determined by the parameter ν, defined in (12). We
increase ν through the activity σ0, keeping all other pa-
rameters constant, in particular the radius, in order to
fix the time scale τ . The phase α0 also affects how the
defects move. In the ranges (0, pi/4) and (pi/4, pi/2) the
dynamics is similar and we choose α0 = pi/2−0.2 for the
examples in the plots. The marginal cases are discussed
at the end of this Section.
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FIG. 3. Mean and minimal angular distances between four
+1/2 defects plotted against ν, the ratio of active to elas-
tic effects. The rapid change in both at ν∗ ≈ 0.7 marks the
transition to the dynamical regime, in which defects move on
periodic orbits. The shape of these orbits changes smoothly
with ν: (b) square-like trajectories for intermediate activity,
corresponding to the tetrahedral-planar oscillations, (c) ellip-
soid orbits at higher activity, where defects in each pair have
moved closer. In (b) and (c), small dots represent the initial
tetrahedral configuration, big dots represent the defect posi-
tions at a time corresponding to plots in Figure 2 and arrows
indicate the direction in which defects traverse the orbits.
For intermediate activity the positions of the four de-
fects periodically pass through tetrahedral and planar
configurations, as shown in Fig. 2 (a-c), which is the dy-
namics found in experiments [28]. The motion is charac-
terised by the formation of two counterrotating flow vor-
tices that separate the defects into two pairs, in which
they rotate around each other. This effect becomes more
pronounced as the activity is increased, as shown in Fig.
2 (d-f). The separation of defects within each pair de-
creases significantly with ν. There is also a gradual
change in the shape of the trajectories, from square-like
to more ellipsoid, such that the tetrahedral configura-
tions are no longer approached and the defects oscillate
between two different planar arrangements. As the de-
fects in each pair are drawn closer with increasing activity
the dynamics approaches the situation for two antipo-
dal spirals in the director, which in the limit generate a
perfectly symmetric flow vortex pair. This behaviour is
summarised in Figure 3, where the mean and the min-
imal angular distances are plotted against ν, the latter
reflecting the decreasing separation between defects in
each pair.
The total speed of the +1/2 defects, which also in-
cludes motion due to elasticity, is dominated by their ac-
tive speed v0 given by (11). The frequency of the defect
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FIG. 4. (a) Deviations of defect positions from the tetrahedron in the small activity regime. Shown are deviations δθ and δφ
measured in simulations (circles) and obtained from an analytical solution for the stationary point at linear order (lines). Inset:
the corresponding twist (red arrows) and stretching (blue arrows) modes of deformation of the initial tetrahedron. (b) Spectrum
of ∇g evaluated at the “skewed tetrahedron”, using defect positions from the simulation (circles) and positions obtained from
analytical expressions for δθ(ν) and δφ(ν) given in (36) and (37) (lines). The data suggests that at ν∗ = 0.7 the eigenvalue
λ7 (boxed) becomes positive, which renders the “skewed tetrahedron” linearly unstable. This is qualitatively confirmed by the
theoretical prediction, albeit with an overestimated transition point.
oscillations is thus
f ∼ v0
R
=
h20σ0
µrcR
, (14)
without accounting for the small changes in the orbit
shape with increasing ν.
The effective attraction of defects into pairs is me-
diated by the active flow vortices that form inbetween
them, which in turn are controlled by the underlying di-
rector. In the tetrahedral configuration the nematic has a
characteristic tennis ball texture [40, 42], but for generic
values of α0 this texture is skewed, such that each two
defects form a separated spiral. The flow vortices accord-
ingly acquire a sink- or source-like component, depending
on the tilt in the spiral. As can be seen for instance in
Figure 2 (b), the paired defects have a sink-like vortex
inbetween them which keeps them together. This active
attraction mechanism requires the possibility of radial
flows to accomodate this influx, which is guaranteed in
the thin film approach.
The choices α0 = 0, pi/2 produce zero tilt in the tex-
ture of the initial tetrahedron and the resulting dynamics
lacks the contraction of defect trajectories in one of the
directions, such that they continue passing through tetra-
hedra for high activity. Finally, α0 = pi/4 does not have
a dynamical regime and defects relax into increasingly
tight, but stationary pairs.
C. Linear stability of static configuration
The defects only move above a critical ν∗ ≈ 0.7 (Fig.
3) and we describe this transition in a linear stability
analysis. The system is initialised with the four defects at
the vertices of a tetrahedron with θ
(0)
i = (β, pi−β, β, pi−
β) and φ
(0)
i = (0, pi/2, pi, 3pi/2), with β = arctan
(√
2
)
. It
is evident from simulations that for activities below the
threshold the defects settle into an increasingly distorted
tetrahedron, which can be described by the coordinates
θ∗1 = θ
∗
3 = θ
(0)
1 − δθ, (15)
θ∗2 = θ
∗
4 = θ
(0)
2 + δθ, (16)
φ∗1 = φ
(0)
1 − δφ, φ∗2 = φ(0)2 + δφ, (17)
φ∗3 = φ
(0)
3 − δφ, φ∗4 = φ(0)4 + δφ, (18)
with small deviations δθ and δφ as shown in Fig. 4 (a).
Using this ansatz we find analytical solutions for the devi-
ations at linear order (see Appendix V C). The deforma-
tion of the tetrahedron is a superposition of two modes
– twisting around and stretching along the z-axis, illus-
trated in the inset of Fig. 4 (a).
At the critical activity the skewed tetrahedron becomes
linearly unstable, as seen from the spectrum of the dy-
namical matrix ∇g (see Appendix V C for definition)
shown in Figure 4 (b). The simulation data suggests
that one eigenvalue changes sign at ν∗, while all oth-
ers stay non-positive, indicating that the skewed tetra-
hedron is stable below ν∗. The three vanishing eigen-
values correspond to rigid body rotations. Calculating
the eigensystem using the analytical solutions for the de-
viations above the threshold allows to characterise this
instability, albeit with an overestimated transition ac-
tivity. The eigenvalue λ7 becomes positive at ν ≈ 1.0,
which marks the linear instability of the skewed tetrahe-
dron towards a deformation that strongly increases the
twist and slightly reverses the stretching. This can be
seen from the corresponding eigenvector, which is of the
form (a,−a, a,−a,−b, b,−b, b) with b a > 0, and is ex-
actly the dynamics found in simulations at the beginning
of the periodic orbits (see Fig. 3 (b) and (c)).
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FIG. 5. Active advection leads to repulsion of two aster-like defects and attraction of two vortex-like defects on a sphere.
(a) Distance of the two +1 defects over time for different local director geometry, controlled by α˜0, which varies in steps of
pi/16. Here, the motion of defects is due to active advection only, with K˜ = 0. (b) Perfect asters (α˜0 = 0) or vortex defects
(α˜0 = pi/2) move along geodesics, but in general the defects move on outward or inward spiralling trajectories. Two perfect
spirals (α˜0 = pi/4) move along a circular path, without changing their distance. (c) Two spiral-like defects (α˜0 = 5pi/16) are
attracted to each other by the flow vortex that forms inbetween them. (d) When elasticity is included, attraction of +1 defects
is found only for ν(1) above a threshold and for large enough tilt α˜0.
D. Two +1 defects
ALCs can develop unit strength defects in their orien-
tation [41, 43] and the confinement to a spherical shell
provides a setup where two such defects could be topolog-
ically stabilised. We study the motion of two +1 defects
in the limit of very strong activity, setting K˜ = 0 and us-
ing the active time scale T = R2µ/h20σ0. The value of α0
that is required to generate a particular director geome-
try at the defects depends on their position. This ambi-
guity can be removed by setting α0 = − arg(z1−z2)+α˜0,
where the additional constant is found by imposing an
aster-geometry for α˜0 = 0 for both defects irrespective of
their position. Now, α˜0 ∈ [0, pi/2] produces increasingly
tilted spirals, up to two pure vortex defects for α˜0 = pi/2.
We find that two +1 defects are either attracted to or
repelled from each other by active advection, depending
on the local director geometry, as shown in Fig. 5 (a).
Two defects that are aster-like (0 ≤ α˜0 < pi/4) experi-
ence repulsion and relax into an antipodal configuration.
Since the asters create sinks in the flow, a source-like
flow vortex forms in between them, pushing them apart.
Vortex-like defects (pi/4 < α˜0 ≤ pi/2) show the converse
effect and are drawn towards each other. In this idealised
setting without elasticity, they merge into a +2 boojum,
with a local flow structure of a +3 singularity accompa-
nied by a stagnation point at the antipodal point. Two
perfect spiral defects (α˜0 = pi/4) keep a constant dis-
tance, rotating around each other on a circular path.
During this motion the defects are typically spiralling
inward or outward, as shown in Fig. 5 (b). Only in
the two limiting cases do the defects move along their
connecting geodesic. Figure 5 (c) shows the active flow
with the additional sink-like vortex inbetween the de-
fects (α˜0 = 5pi/16), that draws the defects inward on a
spiralling trajectory. The defects’ trajectory rotates in
a direction opposite to the rotation of their local flow
vortices.
When elastic repulsion is included, with K˜ = 1, the
defects relax into the antipodal configuration for all α˜0
for activities up to ν(1) ≈ 12. Above this threshold ac-
tive attraction overbalances the elastic repulsion for large
enough α˜0, as shown in Fig. 5 (d). Interestingly, in such
cases the defects again collapse into a very tight pair. In
an experimental system, fluctuations in the tilt of a spiral
around the limiting value of α˜0 might lead to oscillations
between the antipodal and the collapsed configurations.
E. Many-defect states
When the activity |σ0| or the shell size R are increased
additional ±1/2 defect pairs may be created on top of
the four +1/2 defects, as the system approaches the on-
set of active turbulence [44]. To study such situations
we increase the radius as R = γR0, with γ > 1, keeping
all other parameters fixed. This changes the elastic time
scale to τ = γ2τ0 and the activity-to-elasticity ratio to
ν = γν0. The reference values correspond to parame-
ters in Section III. A for the regime of tetrahedral-planar
oscillations, for instance ν0 = 1.
We consider a system with four defects in this oscil-
latory state and inject one ±1/2 pair at a random po-
sition. Figure 6 (a) shows how the dynamics reacts to
this perturbation. One of the +1/2 defects very quickly
annihilates with the −1/2 and the remaining four defects
resume the oscillation, usually in a different pairing. Sim-
ilarly, when all defects are placed at random positions the
annihilation events happen rapidly, leaving the minimal
four-defect state in the oscillating regime. The same is
found for more than one additional pair of half-defects
in the system. This indicates that the oscillatory state is
stable, as long as additional defect pairs occur as fluctu-
ations and are not produced constantly.
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FIG. 6. (a) Four +1/2 defects show regular oscillations before and shortly after the insertion of an additional ±1/2 defect
pair, as seen from θi(t) for i = 1, . . . , 6 with γ = 2. Inset 1: Close-up on the rapid annihilation of the additional pair. Inset 2:
Defects resume similar trajectories after the fluctuation, but with different pairing. (b) Orientation field with eight defects, six
+1/2 and two −1/2, producing a metastable flow vortex arrangement. (c) Corresponding flow structure with six equidistant
vortices on the equator, +1/2 defect trajectories marked in black. (d) Time to first annihilation event over γ, determining the
shell radius as R = γR0, for the vortex configuration in (b,c) and averaged over 500 random initial defect positions.
On the other hand, by inducing additional ±1/2 de-
fects at specific locations more complex flow vortex con-
figurations may be constructed, in which elastic forces
and active flows are balanced. The simplest many-defect
configuration that is metastable has npair = 2 additional
defect pairs, shown in Fig. 6 (b,c). The six +1/2 defects
are allocated to three flow vortices arranged equidistantly
around the equator, with another three vortices rotating
in the opposite direction inbetween them. The three-fold
symmetry of this flow field is guided by the flow singu-
larities at the −1/2 defects, which have I = −2 and are
located at the poles. This configuration is transient and
reduces to the four-defect state due to coalescence of op-
positely charged defects. In Figure 6 (d) the times to the
first annihilation event for this metastable configuration
and for npair = 2 with random initial defect positions
are compared. For the vortex configuration this time
increases considerably with γ. This opens an interest-
ing direction of tuning specific many-defect states before
the onset of active turbulence by exploiting the topo-
logically required singularities in both flow and director.
The metastability of such configurations could be aided
by an advantageous manipulation of the shell shape, for
instance by trapping positive defects in regions of higher
curvature [45].
IV. DISCUSSION
In contact with a passive fluid on the outside the active
shell may swim due to its self-generated surface flows. In
a squirmer approach the swimming velocity of a spheri-
cal shell can be calculated as the surface integral of the
slip velocity, U(t) = − 14piR2
∫
S
u⊥(t)dS, with a similar
expression for the angular velocity Ω(t) [46]. Evaluat-
ing the integrals exactly, we find that a single +2 de-
fect as well as two +1 defects do not generate transla-
tional or rotational motion of the shell, irrespective of
their position. The same results from numerical integra-
tion of the slip velocity for four half-defects along their
symmetric trajectories. There is a number of ways in
which this symmetry could be broken in order to achieve
self-propulsion and rotation, including distortions of the
vortices by noise, changes in vesicle shape [47], and in-
teractions with surfaces or other active vesicles [22]. One
promising direction is a controlled asymmetric modifica-
tion of the local director geometry around two +1 defects
[48].
Our results can be extended to contractile active fluids
by changing the sign of the activity σ0. The reversed sign
of the flow exchanges the role of splay-like and bend-like
distortions in the orientation. The direction of motion
of half-integer defects is reversed, but the tetrahedral-
planar oscillations and the formation of vortices – with
opposite rotation sense – is unchanged. Similarly, the
type of active interaction between +1 defects is reversed.
The thin film approach used here allows for a non-zero
radial flow component, which in general is present in the
examples considered and enables the repulsion or attrac-
tion of defects due to active flows. The radial compo-
nent is small, ∼ O(h0/R), compared to tangential flows
and will result in a dynamic deviation from the spherical
shape that complements the defect motion [48]. Station-
ary shell shapes, e.g. for two asters, should locally resem-
ble profiles found for flat droplets of active nematics with
defects [35, 36]. We have taken a one elastic constant ap-
proximation for simplicity, but in systems of elongated
filaments one can expect anisotropy. If this is sufficiently
large it could lead to qualitative changes of the dynamics
and is certainly an extension worth pursuing. Our work
establishes the formation of vortices under confinement
as a generic feature also for ALCs on spherical surfaces.
It would be interesting to extend to other topologies, for
instance tori with additional handles [49].
We thank Carl Whitfield, Daniel Pearce and Julia Yeo-
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this work. This work was supported by the UK EPSRC
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8V. APPENDIX
A. Flow in a thin active nematic shell
In a thin spherical film of active nematic the generalised Stokes
equation given in the main text can be expanded in the small pa-
rameter ε = h0/R. Using the typical magnitude U0 = R/T of
active flows, with the time scale T , the dimensionless velocity com-
ponents are u˜θ = uθ/U0, u˜φ = uφ/U0, and u˜r = ur/εU0. The
radial coordinate becomes
r˜ =
1
ε
( r
R
− 1
)
,
and the corresponding partial derivatives ∂rf =
1
h0
∂r˜f , for some
function f(r). In the dimensionless form, for instance the θ-
component of the Stokes equation becomes
0 = − ε
2R
µU0
∂θp+
ε2R2
µU0
(∇ · σa)θ + ∂2r˜s u˜θ +O(ε2) , (19)
and there is a similar expression for the φ-component. The active
stress tensor gradient is
∇ · σa = −σ0
R
 1− sin (2ψ) ∂θψ + cos(2ψ)sin θ (cos θ + ∂φψ)
cos (2ψ) ∂θψ +
sin(2ψ)
sin θ
(
cos θ + ∂φψ
)
 . (20)
Therefore, in order for the activity to drive the tangential flows the
corresponding prefactor in (19) has to scale as ∼ O(1), leading to
the dimensionless prefactor
σ˜0 =
ε2R
µU0
σ0 (21)
and a similar relation for the pressure. Analogous to planar thin
films [32, 36], the leading order part of the r-component of the
Stokes equation yields a constant pressure. With the boundary
conditions
∂r˜s u˜φ|r˜s=1 = 0 and u˜φ|r˜s=0 = 0 , (22)
the solution (2) for the tangential flow components is obtained.
For a fixed r˜, for instance r˜ = 1 used for the defect dynamics, the
tangential flow can be written in a complex representation making
use of the stereographic projection z(θ, φ) = R cot(θ/2)eiφ. In this
way, the projection point is the north pole and the plane crosses
the sphere along the equator. The complex flow is given by
u˜(z, z¯) = u˜θ + iu˜φ
= − σ˜0
2
e−i2α(z,z¯)
{
z2
R|z| −
z
2
(
R
|z| +
|z|
R
) ndef∑
j=1
mj
z − zj
|z − zj |2
}
(23)
This expression is well-defined through the stereographic projection
of the tangential flow onto the plane, which is given in the complex
form as u = ux + iuy and relates to u˜ as
u˜ = −(1− cos θ)eiφu¯ . (24)
We evaluate (23) on the projection of the small circle γk(s) intro-
duced in the main text, which has the form
z(s) = zk −
ρR
1− cos θk
ei(φk−s) (25)
with s ∈ [0, 2pi], provided the circle does not enclose one of the
poles on the sphere. An expansion of (23) in powers of ρ reads
u˜(ρ) =
mk
ρ
ei(2mk−1)sei2(1−mk)φke−i2w(zk)
+ e−i2w(zk)e−i2mkφk
{
mk
2
ei2(mk−1)sei2φkh1(z1, z¯1, . . . )
+ ei2mksh2(z1, z¯1, . . . )
}
+O(ρ) (26)
where the functions h1 and h2 only depend on the defect positions
and other constants. Integrating this expression over s yields a
non-winding contribution at the order O(1/ρ) for mk = 1/2 and
at the order O(1) for mk = 1, as discussed in the main text.
B. Point-particle-like dynamics of defects
The free energy of a nematic on a sphere can be phrased in
terms of the defects’ pairwise interaction energies and self-energies
[38, 40, 42], which are constant in our model,
E = −piK
2
ndef∑
i,j=1
i 6=j
mimj ln(1− cosβij) + const. (27)
The angular distance between defect i and j is given by
cosβij = cos θi cos θj + sin θi sin θj cos(φi − φj) . (28)
The force acting on defect k due to all other defects is [28, 37]
F (k) = −∇kE = −
(
eˆθ,k
1
R
∂θkE + eˆφ,k
1
R sin θk
∂φkE
)
, (29)
where the notation eˆθ,k = eˆθ(θk, φk) and eˆφ,k = eˆφ(θk, φk) is
used. The θ-component of (29) contains
∂θkE = Kpimk
ndef∑
j=1, j 6=k
mj
∂θk cosβkj
1− cosβkj
(30)
and the expression for ∂φkE is analogous. The elastic terms in the
dimensionless dynamical equations (6) and (7) can be written as
τ
ξR
F
(k)
θ = −
τK
ξR2
pimk
ndef∑
j=1, j 6=k
mj
∂θk cosβkj
1− cosβkj
, (31)
and a similar expression for the φ-component. Making time dimen-
sionless with τ leads to K˜ = τK/ξR2 = 1.
For example, for four +1/2 defects the full dynamical system
reads
∂t˜θk = −
pi
4
4∑
j=1, j 6=k
∂θk cosβkj
1− cosβkj
− ν
4
cos (φk − 2w(zk)) (32)
∂t˜φk =
1
sin θk
− pi
4 sin θk
4∑
j=1, j 6=k
∂φk cosβkj
1− cosβkj
− ν
4
sin (φk − 2w(zk))

(33)
for k = 1, . . . , 4, where w(zk) = α0 +
pi
2
+ 1
2
∑
j 6=k Im{ln(zk − zj)}
and ν is defined in (12).
For all defect configurations the dynamical systems are inte-
grated using the ordinary differential equation solver ode23s pro-
vided by the software MATLAB 2016a, with relative and absolute
accuracies set to 10−6τ .
C. Analytical solutions for a small deviation from
the tetrahedron
In order to study the linear stability of the skewed tetrahedron
the four defects settle into for low activity we write their dynamical
equations as
dx(t)
dt
= g(x(t)) , (34)
where x(t) = (θ1(t), . . . , θ4(t), φ1(t), . . . , φ4(t)) ∈ R8 is the vector
of spherical defect coordinates and g(x(t)) are the concatenated
right hand sides of equations (32) and (33). Motivated by the
defect motion in simulations we use the ansatz given by (15) – (18)
for the fixed point x∗ representing the skewed tetrahedron, with
small deviations 0 < δθ, δφ  1. With this ansatz, the stationary
condition
g(x(δθ, δφ)) = 0 , (35)
9linearised in δθ and δφ, has the solutions
δθ(ν, α0) = −
2ν
(
pi cos(2α0) +
√
2ν
)
2ν2 sin2(2α0) + 3pi
√
2ν cos(2α0) + 3pi2
, (36)
δφ(ν, α0) =
2
√
3ν
(
3
√
2pi − 2ν cos(2α0)
)
12ν2 sin(2α0) + 9pi csc(α0) sec(α0)
(√
2ν cos(2α0) + pi
) ,
(37)
which are plotted in Figure 4 (a) together with the the deviations
measured in the simulations. A perturbation δx away from x∗
evolves according to
dδx
dt
=∇g∣∣
x∗ · δx, (38)
and the spectrum of the dynamical matrix
∇g∣∣
x∗=(θ∗1 ,...,φ
∗
4)
, (39)
characterises the linear stability of x∗. The eigenvalues are plotted
in Figure 4 (b), calculated numerically from measured deviations
and from the linear solution (36) and (37), respectively.
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